Lecture 12 DSP
Digital Filter Design
12.1 INTRODUCTION

An LTIS digital filter can be uniquely identified in the time domain by its
impulse response h(n) (where n is an integer index). Alternatively, the LTIS digital
filter can be uniquely characterized in the frequency domain by its frequency
response H(w) (where w is a real-valued frequency variable in radians), which is
also the Discrete-Time Fourier Transform (DTFT) of the sequence h(n).

LTIS digital filters are of two main types: Finite-duration Impulse Response
(FIR) filters for which the impulse response h(n) is non-zero for only a finite
number of samples, and Infinite-duration Impulse Response (IIR) filters for which
h(n) has an infinite number of non-zero samples. In the FIR case, the samples of
the sequence h(n) are commonly referred to as the filter coefficients; for the IIR
case, the filter coefficients include feedback terms in a difference equation.

12.2 Filter specification

The term filter is used to describe a device that discriminates what passes through
it, according to the attribute of the objective applied at its input. Filters are usually
classified according to their frequency domain characteristics as low-pass filter,
high-pass filter, band-pass filter, and band stop filter. The Ideal frequency
responses of these filters are shown in figure 12-1. These ideal filters have a unity
gain in passband and zero gain in stopband.

The general filter design problem can be briefly stated as follows. Given
some ideal frequency response DH(w) find a realizable IIR or FIR digital filter
whose frequency response ,H(w) approximates DH(w). Since the frequency
response of a digital filter is always periodic in the frequency variable w with a
period of 2w, the design need only be specified for one period, usually, over the

frequency region [-m, «].



The simplest case is that of an ideal low-pass digital filter with zero phase, whose

frequency response can be expressed as:

1, || = e
D(w) = { 0, w-<|w<mw

Where w, is the cutoff frequency corresponding to the location of a sharp cutoff
edge, as shown in Fig. 12.1(a). In this case, the frequency response, H(w) is real-
valued and, therefore, corresponds also to the magnitude response of the filter

(since the phase is zero).
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Figure 12-1 Common ideal digital filter types.

These ideal filters have frequency responses with sharp cutoff edges
(discontinuities) and cannot be implemented directly. They must be approximated
with a realizable system—the sharp cutoff edges need to be replaced with
transition bands in which the designed frequency response would change smoothly
in going from one band to the other. So, design templates need to be provided
where the sharp cutoff edges are replaced with non-zero width transition bands
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located around the ideal cutoff edges. A typical design template for a lowpass filter

Is shown in Fig. 12.2, where:

0

0]

w,, is the passband cutoff frequency.

w, Is the stopband cutoff frequency. The cutoff frequency w, is usually
taken to be midway between the passband and stopband cutoff frequencies.
The open interval (w,, ,wy) is the transition band of width Aw, = wy — w,.

)

» Is known as the passband ripple and is the maximum allowable error in

the passband.
&, 1s known as the stopband ripple and is the maximum allowable error in
the stopband.
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Figure 12-2 Filter specifications for a low-pass filter,

The objective of filter design then is to find a realizable FIR or IR filter whose

frequency response H(w) approximates the specified design constraints given by

the design template. Ideally, the filter design process would make each of the

following parameters as small as possible: &,, & , Aw.



12.3 FIR filter design using windows
The Fourier transform method is widely used for the design of nonrecursive digital
filter. It is used to specify a filter with any desired form of frequency response. The

frequency response of an Nth-order causal FIR filter is

N
H(e’") = Zh(n]c' Jnw

ne=l)

Then the corresponding unit sample response is obtained by the inverse Fourier

transform

hy;(n) = ifom H;(w) e/ dw

The design of an FIR filter involves finding the coefficients h(n) that result in a
frequency response that satisfies a given set of filter specifications.
Because h;(n) will generally be infinite in length, it is necessary to find an FIR
approximation to H,;(w). With the window design method, the unit sample
response hy(n) must be truncated at some point; this process is equivalent to
multiplying it by a finite length window function

hiin) = hylmiwin)
Where w(n) is a finite-length window that is equal to zero outside the interval 0 <n
< N.and it is symmetric about its midpoint.
The multiplication in time domain is equivalent to frequency domain convolution
Hy(w) = Hp(w) ® W(w)

There are many different types of windows that may be used in the window design
method, two of them are:

» Rectangular window: the window length =N+1.

1 O=n=N
win) =



» Hamming window

o — l 0.54 —U.4fwu&( 113) O<n<N
] else
The windows length is N+1.The hamming window has best performance
and it is widely used in recursive filter design
As the length N of the window increases, results in decreases the transition width
between passhands and stopbands. This relationship is given approximately by

NA f =

where Afis the transition width, and c is a parameter that depends on the window,
for rectangular window ¢ = 0.9,while for hamming window ¢ = 3.3.
Note that:

» Increasing the windows length can decreases the transition width between
passband and stopband, but the ripples amplitude is decreases by changing
the windows shape, it is independent of the windows length.

» The window design method requires that the filter be designed to the tightest
tolerances in all the bands by selecting the smallest transition width and the
smallest ripple.

Example 12-1:- Design an ideal, causal FIR low pass filter of length 7 with

specifications

-1 s
—<w<- .
Hw) = {1 5 = W= 5} , Sketch its impulse response

0 otherwise

Solution:- the cutoff frequency of low pass filter is % using the Fourier transform

method
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h(0) is obtained by hopitals’ rule, h(0) = Ejﬁ = 0.2
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The impulse response must be truncated to obtain FIR filter of length 7, this Is

obtained by multiplying h, (n) by rectangular window of length 7
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1 0<n<é6

Where w(n) = {0 otherwise

frim) = hytniwin)
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Then shift h(n) to begin at n=0 to produce causal linear phase FIR filter
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The causal FIR filter is
h(n) = 0.16(n) + 0.156(n — 1) + 0.1878(n — 2) + 0.26(n — 3) + 0.1878(n
—4)4+0.156(n —5) + 0.16(n — 6)
The difference equation of this filter is
y(n) = 0.1x(n) + 0.15x(n — 1) + 0.187x(n — 2) + 0.2x(n — 3) + 0.187x(n
—4) 4+ 0.15x(n — 5) + 0.1x(n — 6)
Note: the small ripples amplitude is difficult to see in linear plot, so the
algorithmic plot is used to measure the spectral magnitude in decibel.
For example let the magnitude of frequency response at specific (wo)=G
H(wp)| =G
Then the algorithmic scale will be
|[H(Wo)lap = 20logG
Example 12-2: Consider the following specifications for a low-pass filter:

0.99 < |H(e’) <1.01  0<|w <0371
|H(e') <0.01 0357 <|w| <n

Design a linear phase FIR filter to meet these specifications using the window
design method. Using both rectangular and Hamming windows. Find

1. Stopband attenuation (dB)

2. transition band

3. cutoff frequency of low pass filter

4. The length of window in both cases
Solution: the window design method generally produces a filter with ripples of the
same amplitude in the passband and stopband. Therefore, because the passband
and stopband ripples in the filter specifications are the same, we only need to be
concerned about the stopband ripple requirement.

Amplitude ripple 6:=6.=0.01



Attenuation in stopband =attenuation in passband=20log 61=-40db

The transition width Aw =0.357-0.37=0.05x rad/sec

Af =% =0.025 Hz

Case 1: using rectangular window

NAf =c= N =36

The rectangular window will be of length 37 (0—36)

The low pass filter cutoff frequency we = 0.325z (the midpoint of the transition
band)

We =W, + == = 0.0257 + 03 = 03251

The desired impulse response of a low pass filter is

sinifD.3257n)

nm

__sinlfw,n)
hqg(n) = I
a delay of a = N/2 = 18, the unit sample response is

hd (TL) _ sin0.3257 (n—18))

(n—18)m

sini(0.325m(n — 18)) 0 << a6
0 otherwise

Case 2: using hamming window

3.3
NAf=c=N=-"-=132

The rectangular window will be of length 133 (0—132)

2mn
I (.54 — U.é‘rﬁcu&(—--—) D=n=N
win) = N

0 else
The desired impulse response of a low pass filter is

hd (TL) _ sinii(ii;vcn)

By shifting h,; (n) by N/2 = 66, then the actual unit sample response is



sin(0.3257(n — 66)) (

21mn
= 66)m 0.54 + 0.46co0s —) for0<n <132

hg(n) = N

Homework

1. Consider the following specifications for a bandpass filter:

|H(e!™)| <001  0<|w <027
095 = .H(f*’:“]l = 1.05 037 < || =077
Hie!™)| = 0.02 087 < |w| <n

Design a linear phase FIR filter to meet these specifications using a

hamming window. Find attenuation (db) in passband
2. Sketch Hamming window for N=7

3. Use inverse Fourier transform to find the impulse response of an ideal , zero

phase, low pass filter with cutoff frequency 0.4x.
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