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Differential Equations 
A differential equation is an equation that involves one or more derivatives, or 

differentials. There are two types of differential equations ordinary and partial. 
 
Order 

The order of differential equation is the highest order derivative that occurs in the equation. 
 
Degree 

The exponent of the highest power of the highest order derivative. 
 
Ex1: 

    1st order-1st degree 
 
Ex2: 

     3rd order-2nd degree 
 
Ex3: 

        3rd order-1st degree 
 
Exercise: Find the order and degree of these differential equations. 

1.    ans:1st order-1st degree 
2. 3dx+4y2dy=0   ans:1st order-1st degree 

3. y2   ans:2nd order-1st degree 
4. y'')2+2y'=x2   ans:2nd order-2nd degree 
5. y'''+2(y'')2=xy   ans:3rd order-1st degree 

 
Solution 

The solution of the differential equation in the unknown function y and the independent 
variable x is a function y(x) that satisfies the differential equation. 
 
Ex: Show that y=c1 sin 2x+c2 cos 2x is a solution of y''+4y=0 
sol: 

y=c1 sin 2x+c2 cos 2x 
y'= 2c1 cos 2x. - 2c2 sin 2x. 
y''=-4 c1 sin 2x-4 c2 cos 2x 
-4 c1 sin 2x-4 c2 cos 2x+4(c1 sin 2x+c2 cos 2x)=0 
∴ y is a solution 

 
Note: 

The solution in example above is called general solution since it's contain an arbitrary 
constant c1 and c2, i.e. the general solution of differential equation is the set of all solution,  
and the particular solution is any one of these solutions. 
 
Exercise: 

1. Show that y=3e2x-e-2x is a solution to y''-4y=0 
2. Determine whether y(x)= 2e-x+xe-x is a solution of y''+2y'+y=0 
3. Determine whether y= x2-1 is a solution of (y')4+y2=-1 
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Ordinary Differential Equations: 
Ordinary Differential Equations are equations involve derivatives. 

 
A. First Order D.Eqs. 

1- Variable Separable. 
2- Homogeneous. 
3- Linear. 
4- Exact. 

 
 
1- Variable Separable: 

A first order D.Eq. can be solved by integration if it is possible to collect all y terms 
with dy and all x terms with dx, that is, if it is possible to write the D.Eq. in the form 

0)()( =+ dyygdxxf  
then the general solution is:  

cdyygdxxf =+ ∫∫ )()( , where c is an arbitrary constant. 
 
 
Ex.1: 

Solve yxe
dx
dy +=  

Sol.: 
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Ex.2: 
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Ex.3: 

Solve  (1)       )( 2 Lxy
dx
dy

−=  

Sol.: 
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Exercise: Separate the variables and solve. 
 

1. x(2y-3)dx+(x2+1)dy=0       ans: (x2+1)(2y-3)=c 
 

2. dy=ex-y dx                           ans: ey=ex+c 
 

3. sin x
dx
dy +cosh 2y=0           ans: sinh 2y-2cosx=c 

4. xeydy+ 012

=
+ dx
y

x           ans: ey(y-1)+
 2

2x +ln |x|=c 

5. 12 =
dx
dyxy           ans:

 
cxy += 2
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2- Homogeneous: 
Some times a D.Eq. which variables can't be separated can be transformed by a change of 

variables into an equation which variables can be separated. This is the case with any equation 

that can be put into form:
 

)(
x
yf

dx
dy

= …(1) 

Such an equation is called homogenous. 

Put    uxu
x
y

=⇒= y          ,    
dx
duxu

dx
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⋅+=  

and (1) becomes 

)f(   uu
dx
dux =+⋅ , this equation can be solved by separation of variables. 
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Ex.1: 
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Ex.2: Solve the homogenous D.Eq.    x dy- 2ydx=0 
 

Sol.: xdy=2ydx ⇒ )u(fu2
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Exercise: Show that the following differential equations are homogenous and solve. 

1.  (x2+y2)dx+xy dy=0          ans: x2(x2+2y2)=c 

2. x2dy+(y2-xy)dx=0            ans: 
cx

xy
−

=
ln

 

3. 0)( =−+ xdydxyxe x
y

     ans:
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y

=+
−

||ln  
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3 - Linear 
The equation of the form Qyp

dx
dy

=⋅+ where P and Q are functions of only x or 

constant is called linear in y and .
dx
dy  

Let (I.F) =  be the integrating factor, then the general solution is ∫Pdx
e

∫=⋅ dxQfIfIy  .   .).(.).(  
 

Ex.1: Solve xex
x
y

dx
dy

⋅=−  
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x
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Solution is  

∫ ⋅⋅=⋅ dxxe
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x
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Ex.2: 

 Solve   xyx
dx
dy

=+ .  

P=x,  Q=x 

2
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Solution is  

          

solution  theis 1 222
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Exercise: 

1. xey
dx
dy −=+ 2          ans: y=e-x+ce-2x 

2. 2
sin3

x
xy

dx
dyx =+    ans: x3y=c-cosx 

3. xdy+ydx=ydy         ans:
 y

cyx +=
2
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Remark: 

The equation Qxp
dy
dx

=⋅+ , where P and Q are functions of only y or constant, is said to be 

linear in x and 
dy
dx , and here (I.F.)=

 
and the general solution is: ∫Pdy

e

∫=⋅ dy . Q  .)f.I(.)f.I(x  
 
Ex.3:Solve   e2ydx+2(xe2y-y)dy=0 
sol: 

022 22 =−+ yxe
dy
dxe yy  

022 2 =−+ − yyex
dy
dx  
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dx andin x linear  is  22 2 yyex
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4- Exact 

The equation 0),(),( =+ dyyxNdxyxM  is said to be exact if 
x
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Ex.1: 

Show that the following D.Eq. are exact D.Eq. 
a)  0)2()23( 232 =++++ dyyxxdxxyyx
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∴ The D.Eq. is exact. 
 
b) 0dy)yxcos(x(dx)]yxsin()yxcos(x[ =+++++  
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∴ the D.Eq. is exact. 
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Ex.2: Is the D.Eq.
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 )( 22
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Sol. 
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General Solution: the exact D.Eq., 0),(),( =+ dyyxNdxyxM , has a general solution 
f(x,y)=c where 

  x)dycontainsnot  do      (),( ∫ ∫+= NintermsMdxyxf  
 
Ex.3:  

Solve the exact D.Eqs.  0)2()23( 232 =++++ dyyxxdxxyyx
Sol. 
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Ex.4: 
Solve (x+y)dx+(x+y2)dy=0 
 
Sol. 

exact is theD.Eq.
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Exercise: 

1. (2+yexy)dx+(xexy-2y)dy=0    ans:c=2x+exy-y2        ans: 2x+exy-y2 
2. (tanx+tany)dy+(ysec2x+secx tanx)dx=0                 ans: c=y tanx-lncosy+secx 
3. (2xy+y2)dx+(x2+2xy-y)dy=0                                   ans: x2y+y2x-y2/2=c 
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Problems: 
Solve the following differential equations: 
 
1-                           0)1(ln 2 =++ dyxydxy
 
2-                                  022 =− −+ dxedye xyyx

 
3-                    0)2()2( =−++ dyyxdxyx
 

4-    0))(cos ( 2 =+= dx
x
yxydyx               

 
5-               dxxyydyxyx )lnln1()ln(ln −+=−
 
6-                         0)12( 2 =−−+ dxxydyx
 
7-      0)cos-siny ( cos 2 =+ dyyxdxy
 
8-           0)12()1( 22 =++++ dyyxydxy
 

9-   0)()ln( =
+

++ dy
y

yxdxyex       

10-   0)(
2
1)1( 22 =+++ dyeyxdxex yy         
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